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Abstract 

Analysis often splits change into component s. For ex ample, how much of the observed variance is caused by genes or envi- 

ronment? In many cases, the split is ultima t ely made by the logic of the chain rule, which divides the differ ence of a pr oduc t 

int o two t erms. Each t erm quantifies the partial differ ence associa t ed with chang e in one component while holding the other 

c omponent c onstant. The chain rule is of c our se widely kno wn. Ho w ev er, this article ar gues that it s deep fundamental r ole 

often g oes unr ecogniz ed. The article sho ws ho w simply the basic chain rule unifies Fisher’s fundamental theorem of natu- 

ral selection, the Price equation description of evolutionary change, the Oax ac a–Blinder decompo sition o f w age differ ences 

in economics, the Kitagawa decomposition of mortality differ ences in demography, many expressions of thermodynamics, 

and mos t s trikingly b ack prop ag ation, the core optimiz ation method of modern machine learning and artificial int ellig ence. 

The suc c ess in crea ting g ood designs and finding g ood solutions in both natural selection and artificial int ellig ence depends 

on how the chain rule propaga t es causes from instances of success or failure back to the underlying genes or parameters of 

the system. The mathematical analysis presented here shows that, for finite differences, the product rule form of the chain 

rule yields a basic decompo sition o f change into two components of a r e gr ession equa tion. Tha t r e gr ession decomposition is 

purely a description of change with no explicit causal meaning. Ho w ev er, simple additional assumptions lead na turally t o the 

modern counterfactual analysis of causality. From that per spectiv e, w e can easily understand the causal int erpreta tion tha t 

Fisher gave to his fundamental theorem, and we can see the same causal structure in the Oaxaca–Blinder decomposition of 

economics and in causal analyses across many disciplines. 

Keywor ds Fisher’s fundamental theor em of natural selec tion, Price equation, Oax ac a–Blinder dec omposition, c ounterfac tual c ausal analysis, ma- 

chine learning, back propagation 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

simple identity turns out to be the common algebraic foundation 

for a remarkably wide range of analytical methods across the sci- 

ences. 

An early example is Fisher’s fundamental theorem of natural se- 

lection (Fisher, 1930 , 1941 , 1958 ). Fisher r e gr essed the fitness of 

individuals on their genetic composition. He then split the total 

change in mean fitness into two terms. The first ascribed gene fre- 

quency chang es t o na tural selection while holding c onst ant the 

partial r e gr ession coefficient s of individual genes on fitness. The 

second term ascribed r e gr ession coefficient changes to changes 

in the genetic context and the environment (Frank, 1997 ; Price, 

1972b ). 

This article shows that Fisher’s r e gr ession decomposition f ol- 

lows simply from the product rule for finite differences, which is 

the common name for the chain rule applied to a pr oduc t when 

changes are not infinitesimally small. 

My c onc ern is not with the v alue of Fisher’s theorem as a s ta t e- 

ment about mean fitness in popula tions. Ra ther, this article se t s 

Fisher’s theorem in the broader context of methods to decom- 
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We often split observed variation into components. For example,

how much of the change in a trait is caused by natural selection,

and how much is caused by a change in the environment? This ar-

ticle shows that a simple common method often underlies such

causal decomposition. 

The general understanding of method leads to a broad c onc ep-

tual unification of how one studies cause. And it le ads t o insight

about the common basis by which natural selection and the com-

plex c omput a tional alg orithms of modern artificial int ellig ence

gain information. Along the way, we also see the common basis

of import ant dec ompositions f or variation and c ausal analysis in

other disciplines, including the famous Oax ac a–Blinder decompo-

sition of economic analysis (Blinder, 1973 ; Fortin et al., 2011 ; Oax-

aca, 1973 ). 

The ma thema tic al f oundation arises fr om the chain rule, which

divides the differ ence of a pr oduc t into two terms. Each term quan-

tifies the partial differ ence c aused by change in one fac tor while

holding the other f actor cons tant. In s tandar d c alculus, the appli-

cation of the chain rule to a pr oduc t is c alled the pr oduc t rule. This
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ose chang e int o p arts and t o consider the causal int erpr e tation

f the components. These methods clarify the history of Fisher’s

heor em. Mor e importantly, the study of change and the analysis

f cause are central g o als in all of the sciences. 

To develop that point, this article provides a very general math-

ma tical deriva tion of the r e gr ession decomposition into a set of

ir ec t fac tors and a se t of contextual factors. That decomposition

rises simply from the product rule for finite differences. Fisher’s

heorem is used as an illustrative example. 

Fisher argued that the first term of his r e gr ession decomposi-

ion isola t es the dir ec t f or ce of natural selec tion fr om the br oader

omplexity of evolutionary change, just as one might isola t e grav-

ty as a f or ce fr om the ac tual trajec tory of a body that depends

n fric tion, constraint s, and initial conditions. That causal assign-

ent of credit for chang e t o a specific factor while holding other

 actors cons tant is the logic of the modern counterfactual ap-

ro ach t o causality (Holland, 1986 ; Pe arl, 2009 ), which Fisher an-

icip a t ed by decades. 

Price and Ewens showed that Fisher’s decomposition is an at-

 empt a t causal a ttribution (Ewens, 1989 ; Price, 1972b ). But they

oth disputed his peculiar definitions and c ausal interpr e tation of

a tural selection. F or this article, the primary point is Fisher’s un-

erlying setup and application of counterfac tual c ausal analysis.

ausal interpr e tation almost always has a subjective component,

nd it is Fisher’s subjective choice for causal int erpreta tion tha t

any authors do not ac c ept. 

This article makes three contributions. Fir st, b y deriving the

inimal algebraic struc tur e, I show that Fisher’s theor em, the

ax ac a–Blinder decomposition of economics (Fortin et al., 2011 ),

he Kitagawa decomposition of demography (Kitagawa, 1955 ), the

ric e equation (Frank, 2012 ; Pric e, 1972a ), and rela t ed results in

hermodynamics all reduce to the pr oduc t rule f or finite differ-

nces, often applied to a r e gr ession equation. 

Second, I sho w ho w the essence of modern counterfactual

ausal analysis arises in a simple and natural way from the chain

ule. In particular, the chain rule assigns causal credit by tracing

ow a change in each component propagates through a system to

ffec t the outcome. The basic r e gr ession decomposition that f ol-

ows from the finite difference product rule form of the chain rule

s purely a description of change with no explicit causal meaning.

o w ev er, a simple interpr e tiv e per spectiv e leads naturally to the

odern counterfactual analysis of causality. 

Third, the chain rule is how machine learning uses observed

uc c esses and failures t o a ttribut e cause to model p aramet ers.

ausal attribution provides parameter updates to impro v e perfor-

ance (Goodfellow et al., 2016 ). Similarly, natural selection finds

ood designs by implicitly back pr opagating r epr oduc tive suc c ess

hrough a chain-rule-like calculation that attributes cause to par-

icular g enes, le ading t o upda t ed g ene fr equencies. In both c ases,

ausal attribution is hindered by nonlinear interactions. But things

ypically work well enough to create the seeming miracles of nat-

ral and artificial life. I unified natural selection with other types

f learning in a related article (Frank, 2025 ). 

r oduc t rule for finite differences 

inite differ ences have the f orm �y = y ′ − y. The prime denotes
he value of the variable in a changed context. Let z = bx be the
r oduc t of b and x. Then we can write the finite differ ence f or z as 

�z = �(bx) = b ′ x ′ − bx = ( b + �b)( x + �x ) − bx , 
which simplifies to the pr oduc t rule for finite differ ences 

�z = b�x + x ′ �b. 

On the right side, the first pr oduc t term is the change in x holding
b c onst ant, and the sec ond pr oduc t t erm is the chang e in bmulti-
plied by x ′ , the value of x in the changed context. This is a particular
type of chain rule expansion. 

We often need the differ ence of sums. Let 

z = 

n ∑ 

i=0 
b i x i = b · x , 

in which bold variables are v ector s, and the dot denotes the dot

pr oduc t of two vectors, which as shown is the sum of the element-

wise pr oduc t s of the vec tors. Then the pr oduc t rule for finite dif-

f er ences extends to 

�z = b · �x + x ′ · �b . (1)

If the differ ences ar e small, we write the differ ence opera t or as a

differ ential, � → d . Then, r ec alling that x ′ = x + �x and replac-
ing differ ences by differ entials, we obtain 

d z = b · d x + x · d b + d x · d b . 
For small differ ences, the final term is the second-order product

of two small values, which is negligible relative to the first-order

smallness of the prior terms. Thus, in the limit we drop the final

term and get the product rule for differentials 

d z = b · d x + x · d b . 
Ho w ev er, many realistic analyses apply to finite differ ences with

measur ement s at two separated times. So, the less known pr oduc t

rule for finite differences in equation 1 is often a useful expression,

as shown in the next section. 

Differ ence in a r e gr ession model 
Write the value of our f oc al variable as a r e gr ession equation 

z j = b 0 x 0 j + 

n ∑ 

i=1 
b i x i j + ε j 

Here, w e hav e a population of z values indexed by j. Each inst anc e
of z j depends on the pr edic tors, x i j , with each pr edic tor weighted
by its associa t ed p artial r e gr ession coefficient, b i . The term ε j is

the residual or error. 

In the intercept term, b 0 x 0 j , going f orw ar d we set x 0 j = 1 for all

j, so that b 0 is the intercept. This allows us to write the r e gr ession
mor e compac tly in a w ay tha t ma t ches the nota tion of other key

steps in this article as 

z j = 

n ∑ 

i=0 
b i x i j + ε j = b · x j + ε j . (2)

Each inst anc e j depends on the vec tor of pr edic t ors, x j , with e ach
pr edic t or weight ed by its associa t ed p artial r e gr ession coefficient

in b . Subsequent sums for i also run o v er i = 0 , 1 , . . . , n . 
In the underlying population of z values, suppose each value z j 

occurs with frequency q j . Then the mean value of z is 

z̄ = 

∑ 

j 

q j z j = q · z = 

∑ 

i b i 
∑ 

j q j x i j = 

∑ 

i b i ̄x i = b · x̄ . 
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Her e, by standar d fr equency-weight ed le ast squar es f or r e gr es-

sion, the average residual is zero, 
∑ 

j q j ε j = 0 (Rao, 1973 ; Searle,

1971 ; Seber & Lee, 2003 ). 

For the r e gr ession of z, we want the differ ence be tween the cur-
rent mean value and the mean value in a changed conte xt, �z̄ =
z̄ ′ − z̄ , which we obtain by applying the general expr ession f or fi-
nite differ ences in equation 1 , yielding 

�z̄ = �( b · x̄ ) = b · �x̄ + x̄ ′ · �b . (3)

It is of course possible to interpr e t particular pr edic tors as inter-

ac tions be tween c ausal fac tors. But the point her e c onc erns the

general struc tur e of the pr oblem rather than the specific c ausal

model. 

Fisher’s fundamental theorem 

Fisher’s theorem is simply the application of the general expres-

sion for the difference in the mean value of a regression variable,

given in equation 3 . Let the variable of interest be fitness, denoted

w ≡ z, and the differ ence in mean fitness be �w̄ ≡ �z̄ . 
For simplicity, assume a haploid genetic model, in which the

multiple loci in an individual are denoted by x i j for the i = 1 , . . . , n
loci in the jth individual, with x 0 j = 1 as the indica t or variable for

the int ercept. Suppose tha t a t e ach locus there is an allele that

takes on values of either 0 or 1. More complex genetics can be han-

dled within similar r e gr ession expr essions, but the added notation

does not provide additional insight (Frank, 1997 ). 

With those assumptions, the average value of a pr edic tor in the

r e gr ession is the frequency of the allele with value 1, or in standard

g enetic languag e, p i = x̄ i is the g ene frequency a t the ith locus. F or
the intercept, p 0 = 1 . 

Now the change in mean fitness follows immedia t ely from

equation 3 as 

�w̄ = �( b · p ) = b · �p + p ′ · �b . (4)

This expression describes the total change ex ac tly. Fisher empha-

sized that the first term focuses on the change in gene frequencies

caused by natural selection, �p , while holding c onst ant the aver-

age effec t of e ach g ene on fitness, giv en b y the partial r e gr ession

coefficients, b . 

Main result 

If, without loss of generality, we assume that in the initial popu-

lation w̄ = 1 , and, following Fisher, define the marginal fitness of

allele i as w i = p ′ i /p i , then 

�p i = p i (w i − 1) = p i αi , 

for which Fisher defined αi = w i − 1 as the average excess in fit-

ness. Then the first term of the finite differ ence of the r e gr ession

in equation 4 is 

�w̄ ns = b · �p = 

∑ 

i 

b i �p i = 

∑ 

i 

p i αi b i , (5)

which is often called the additive genetic variance in fitness, as

shown in the following subsection. Fisher called this the funda-

mental theorem of natural selection. The result is that the partial

chang e in me an fitness caused by the change in gene frequencies

while holding c onst ant the average effec t s is the additive genetic
variance in fitness.  
In Fisher’s causal per spectiv e, chang es in g ene frequencies, �p ,

ar e c aused dir ec tly by natural selec tion, and chang es in the p artial

r e gr ession coefficient s, �b , ar e c aused by chang e in cont ext. 

Details on genetic variance 

This subsection shows why the expression on the right side of

equation 5 is a genetic variance. These details can be skipped on

first reading. 

From equation 2 , we can write the regression expression for fit-

ness as 

w j = 

∑ 

i 

b i x i j + ε j = g j + ε j , 

in which g j = 

∑ 

i b i x i j is the genetic value of an individual, and
her e we ar e indexing fitness by j rather than i as abo v e. Thus, com-
pactly, w = g + ε, the sum of the modeled genetic and residual ef-

f ec t s. Next, r ec all that q ′ j = q j w j for our assumed mean fitness of

w̄ = 1 , and p i = 

∑ 

j q j x i j , so that 

�p i = 

∑ 

j 

q ′ j x i j −
∑ 

j 

q j x i j = 

∑ 

j 

q j (w j − 1) x i j 

= Cov (x i , w) . 

Then, in equation 5 , we can equivalently write 
∑ 

i 

b i �p i = Cov ( 
∑ 

b i x i , w) = Cov (g, w) = Var (g) , 

because gand ε are uncorrela t ed by le ast squar es r e gr ession (Rao ,
1973 ; Searle, 1971 ; Seber & Lee, 2003 ). Thus, the expression in

equation 5 is the genetic variance for the particular model of ge-

ne tic effec t s. 

Interpr e tation 

Fisher’s theorem sta t es, from the first term of equation 4 , that

the partial change in mean fitness caused by natural selection is

b · �p , freezing the partial regression coefficients b at their initial

v alues while let ting g ene frequencies �p chang e. Everything tha t

changes the mapping from the given genic pr edic tors to fitness is

pushed into the second term, p ′ · �b . 

It is obvious that Fisher’s theorem does not fully ac c ount for

how natural selection changes total mean fitness. The average ef-

f ec t s of genes, which are the partial r e gr ession coefficient s, typi-

cally depend on the gene frequencies that are changed by natural

selection. So what does it mean to say that the dir ec t c ause of nat-

ural selection is only through changes in gene frequencies while

holding c onst ant the average effec t s of those genes? 

There is also the problem that interactions between genes, such

as dominance and epistasis, influence fitness. Those interactions

depend on genotypic arrangements, which are altered by natural

selection. 

What was Fisher thinking? No one knows for sure. Certainly,

Fisher understood all of this. He essentially invented the theory

of classical s tatis tical inference (Fisher, 1925 , 1922 ). And his 1918

article was the first to express clearly the various components of

variance in the expression of traits, including the components as-

socia t ed with dominance and epistasis (Fisher, 1918 ). 

Our s tronges t clues about Fisher’s thought s come fr om his own

w ords (Fisher, 1930 ). The fir st sentences of his gre a t book on na tu-

ral selec tion ar e: “Natural Selec tion is not E volution. Ye t, ever since
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he two words have been in common use, the theory of Natural Se-

ection has been emplo y ed as a convenient abbreviation for the

heory of Evolution by means of Natural Selec tion, put f orw ar d by

arwin and Wallace. This has had the unfortuna t e c onsequenc e

hat the theory of Natural Selection itself has scarcely ever, if ever,

eceived sep ara t e considera tion.” Put another way, Fisher’s g o al

as absolutely focused on sep ara ting na tural selection as a spe-

ific f or ce fr om it s wider cont ext of evolutionary chang e. 

Further, Fisher emphatically stated in 1941 that he had never

ritten about the evolution of mean fitness, and wondered why

ewall Wright kept making the mistake of linking his fundamental

heorem of natural selection to an o v erall conclusion about mean

itness (Fisher, 1941 ). 

Fisher’s way of isolating natural selection was to focus on gene

requency changes while holding c onst ant the average effec t s of

he g enes. Tha t does not work if one’s g o al is t o calcula t e the dy-

amics of mean fitness evolution, as noted at the start of this sub-

ec tion. But ther e is a c ert ain logic to it that fits the common theo-

ies of causal analysis that developed subsequent to Fisher’s writ-

ngs (Pearl, 2009 ). 

In particular, Fisher noted that natural selection changes the

requencies of g enes. Tha t chang e in g ene fr equencies is dir ec tly

ransmitt ed t o the next g enera tion. Na tural selection also changes

enotype frequencies. But in standard Mendelian g enetics, re as-

ortment, recombina tion, and ma ting all chang e g enotype fre-

uencies while holding c onst ant gene frequencies. So the pure

ir ec t effec t of natural selection is only in the gene frequency

hanges. All else is context. 

Thus, a natural c ausal counterfac tual that one may use to iso-

a t e na tural selec tion fr om it s br o ader evolutionary cont ext is the

hang e in g ene frequency. Tha t appro ach does not make the com-

lexity of calculating the evolution of mean fitness go away. But it

s consistent with the modern theory of causal analysis by counter-

actual perturb a tion (Pe arl, 2009 ), which Fisher understood many

ecades earlier. 

In particular, Fisher r ecogniz ed tha t the p artial r e gr ession coef-

icients (average effects) compute the counterfactual causal effect

f randomized gene substitution, averaging o v er nonlinear geno-

ypic interactions as they occur in the initial population, thereby

sola ting e ach g ene’s popula tion-specific effec t on fitness. 

There is no resolution between those who find such a tt empts

 t isola ting a f or ce fr om it s system as pr of oundly misleading and

hose who find such isolation as a good approach to partial causal

nder standing. My o wn view is that one should understand both

er spectiv es. 

The benefit of full ex ac t c alcula tion of t otal chang e is e asy t o un-

ers tand. In f avor of partial analysis, most learning and optimiza-

ion methods work by partial perturbation, evaluating changes

n one set of p aramet ers while holding others fixed (Frank, 2025 ;

oodf ellow e t al., 2016 ; Nocedal & Wright, 2006 ). One calcula t es

 artial perturb a tions because one c an rar ely do comple te c alcu-

ations for how changing a system alters its performance. For ex-

mple, gradient descent in machine learning updates parameter

 eights b y their p artial deriva tives with r espec t to a loss func tion,

hich is similar to Fisher’s isolation of gene frequency changes

hile holding average effec t s c onst ant. 

Ultima t ely ther e ar e benefit s in sep ara ting how one thinks

bout f or ces fr om how one analyz es dynamics. Lancz os em-

hasized this sep ara tion in his classic tre a tment of the varia-

ional principles in mechanics, in which he isola t ed individual
f or ces fr om the full c omplexity of c onstrained motion (Lanczos,

1986 ). 

How closely does Fisher’s approach match modern coun-

terfac tual c ausal analysis? In an earlier article (Frank, 1997 ),

I sho w ed that the Price equation combined with r e gr ession

provides a common p a th-analytic causal framework tha t uni-

fies Fisher’s theor em, R obert son ’s ( 1966 ) cov ariance theor em f or

quantita tive g ene tics, the Lande-Arnold ( 1983 ) model f or the

analysis of natural selection, and Hamilton’s ( 1970 ) rule for kin

selection. 

Lee and Chow ( 2013 ) la t er showed that Fisher’s average effec t

corresponds to a causal intervention under Pearl’s do-operator

(Pearl, 2009 ), a formal method for counterfactual analysis. Ot-

suk a and Ok asha extended a c ausal interpr e tation of the Price

equa tion through Pe arl’s count erfac tual me thods (Ok asha & Ot-

suk a, 2020 ; Ot suk a, 2016 ). Other studies similarly developed for-

mal counterfactual analyses for selection gradients and kin selec-

tion (Fromhage & Jennions, 2019 ; Henshaw et al., 2020 ). 

These v arious s tudies develop incre asingly elabora t e formal

machinery to arrive at the insight that Fisher’s chain-rule partition

c an pr ovide counterfac tual c ausal attribution. The pr esent article

sho ws ho w simply this point arises from fir st principles. 

The Price equation 

The Price equation is another pr oduc t rule expr ession f or finit e dif -

f er enc es (Frank, 2012 ; Pric e, 1972a ). This equation is widely used

in ecology, evolutionary biology, and other disciplines. Define the

popula tion me an of a variable as ̄z = 

∑ 

j q j z j = q · z , in which q j 
is the frequency of the value z j . Then, by our standard expression
for finite differences 

�z̄ = �q · z + q ′ · �z . (6)

which is my g eneraliza tion of the Price equation (Frank, 1997 ,

2012 ). The Price equation was originally expressed in terms of co-

varianc e and expect ation functions (Pric e, 1972a ), which can be

obtained by noting that we can write frequency changes in terms

of fitness as in the prior section as �q j = q j (w j − 1) , again assum-

ing that w̄ = 1 in the initial population. Also note that from the

prior section we have for the relation between frequencies and fit-

ness q ′ j = w j q j . Then we can exp and equa tion 6 as 

�z̄ = 

∑ 

j 

q j (w j − 1) z j + 

∑ 

j 

q j w j �z j 

= Cov (w, z) + E(w�z) . 

Partitions in other disciplines 

Economics 

A simple example of the Oax ac a–Blinder decomposition (Blinder,

1973 ; Fortin et al., 2011 ; Oaxaca, 1973 ) can be written for the differ-

ence in average income between two groups. For the first gr oup ,

we start with the r e gr ession of income, z, on a vector of predictors,
x , as 

z j = b · x j + ε j 

in which pr edic tors c an be variables such as education level. The

equation follows the same assumptions as equation 2 . Because
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the average of the error term is z er o , w e hav e as bef or e ̄z = b · x̄ .
Then, we get the difference in mean incomes be tween gr oups as

the same expression we found in equation 3 as 

�z̄ = b · �x̄ + x̄ ′ · �b . 

For example, suppose the first group has a particular relation be-

tween education and income, described by the r e gr ession coeffi-

cient s, b . The second gr oup has a differ ent average f or educ ation

lev el, �x̄ . The fir st term pr edic t s the change in income using the

income–educ ation r elations in the first gr oup . The second term

describes how changes in the income–education relations in the

second group alter the predict ed chang e in income between the

two groups. 

Ov erall, w e decompose the total change into the differ ence

ascribed to changes in education holding c onst ant the income–

educ ation r elationship fr om the first gr oup and the differ ence

ascribed t o chang es in the income–educa tion rela tionship hold-

ing the education levels c onst ant from the values of the second

gr oup . 

This decomposition was originally developed to study wage dis-

crimination be tween gr oups defined, f or ex ample, by gender or

race. The key question was how much of the observed wage gap

could be a ttribut ed t o differ ences in observable charac teristics

such as education, and how much might be attributed to differ-

ences in the relation between income and educa tion, pot entially

r eflec ting discrimination. 

The parallel with Fisher’s theorem is direct but inverts empha-

sis. Fisher focused on the first term—the change in gene frequen-

cies holding c onst ant the r e gr ession coefficient s—as the quantity

of c ausal inter est. Fisher’s second term tr eat s the shift in r e gr es-

sion coefficients as a remainder reflecting changed context. 

By c ontrast, ec onomist s often c ar e most about the second term,

because one cause for the shift in regression coefficients may be

hidden discrimination, capturing the portion of the wage gap that

cannot be explained by the differences in observable predictors.

The differ ent f oci arise entir ely fr om the c ausal question being

asked. 

Demography 

Kit agawa dec omposed differ ences be tw een tw o demographic

ra t es (Kitagawa, 1955 ). F or ex ample, the differ ence be tween the

de a th ra t es of two populations can be partitioned into compo-

nents. The first is the differ ences in age composition, holding age-

specific mortality ra t es c onst ant. The sec ond is the differ ences in

ag e-specific mortality ra t es, evalua t ed a t the chang ed ag e compo-

sition. 

This partition follows equation 3 , with fraction of individuals at

e ach ag e playing the r ole of pr edic t or me ans and ag e-specific mor-

tality ra t es playing the r ole of r e gr ession coefficient s. This decom-

position is widely used in demography (Fortin et al., 2011 ). 

Thermodynamics 

Nicholson et al. decomposed the change in the mean value of a

thermodynamic ensemble into a term for changes in the proba-

bility distribution holding observable values c onst ant and a term

for changes in observable values holding the distribution c onst ant

(Nicholson et al., 2020 ). They used this decomposition to unify
several r esult s in irr ev er sible thermodynamics and information

theory. 

Frank and Bruggeman sho w ed that this thermodynamics de-

composition is identical to the Price equation, given in equation

6 (Frank & Bruggeman, 2020 ). All of these decompositions are ap-

plications of the simple pr oduc t-rule partition in equation 1 , which

leads dir ec tly to the r e gr ession partitioning commonly used in ap-

plications. 

Discussion 

The pr oduc t-rule partition and it s applic a tion t o r e gr ession ar e

purely algebraic and hold without any causal assumptions.

Causality enters only when one interpr e t s the r e gr ession coeffi-

cients as effects, such as Fisher’s average effects, and when one

chooses a what-if c ounterfactual c omparison that specifies what

is held fixed across contexts (Holland, 1986 ; Pearl, 2009 ). 

Fisher’s theorem corresponds to the counterfactual in which

the r e gr ession coefficient s linking individual g enes t o fitness are

held c onst ant while g ene frequencies chang e. The remainder t erm

collec t s changes in that mapping due to genetic interactions, ge-

ne tic back gr ound, and envir onment. This perspec tive explains

both the usefulness of Fisher’s partition for a particular causal

question and why disagr eement s persist when readers prefer a dif-

f er ent counterfac tual analysis. 

The same partition support s differ ent c ausal questions depend-

ing on which term one tr eat s as the quantity of interest. Fisher

focused on the first term to isolate the dir ec t f or ce of natural

selec tion. E conomist s often f ocus on the second term, in which

shifts in regression coefficients may reveal discrimination. Demog-

raphers use both terms symme tric ally to separate compositional

change from rate change. In each case the mathematics is iden-

tic al. What differ s is the substantiv e question that motiva t es the

partition. 

Fisher, the economists who developed the Oax ac a–Blinder de-

composition, and the machine learning engineers who use back

prop aga tion all apply the same chain-rule ma thema tics. They dif -

fer only in the causal question they ask. Decades of econometric

work on the Oax ac a–Blinder decomposition have addressed the

choice of r ef er ence gr oup , the sensitivity of the p artition t o the

specific pr edic tors used, and the conditions under which the de-

composition supports causal inference (Fortin et al., 2011 ). Those

lessons apply to any chain-rule causal decomposition, including

Fisher’s theorem. 

The chain rule is an elementary ma thema tical identity. The

main point of this article is that much of causal analysis across

the sciences reduces to this identity. Fisher saw it in 1930 and

built his fundamental theorem of natural selection on it. The

economist s r edisco v ered it independently. Back prop aga tion ex -

ploits the same principle to train the large models on which mod-

ern artificial int ellig enc e depends. Rec ognizing the c ommon foun-

dation clarifies underst anding, c onnec t s pr eviously isolated dis-

ciplines, and reveals the deep simplicity beneath seemingly com-

plex methods of causal attribution. 

Data and code availability 

This work did not g enera t e new data or code. 
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