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Comments by Steven A. Frank: These notes show Hamilton’s Price equation analysis
of sex ratios for group structured populations. The approach was explicitly formed
as a group selection analysis, following Price’s (1972, see main article for full
citations) methods. Hamilton (1975) developed Price’s methods. The derivation
here was motivated by Hamilton's interests in fig wasp sex ratios, published as
Hamilton (1979) but without these mathematical details.
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Ess sex ratios for a sperm-storing animal with» local competition for mates

Recapitulation of Price equation
ooy =~ Clenz)+ EGy %)

1. Use the equation to expand its own second term.

2. Replace covariances by product of regression and variance.

3. Change significance of subscript so that it indexes the class of
groups having exactly § of its members of type © (instead of indexing particular
groups). Then:

way = RGgIVE) + 2 RIR B2V + E, (ws-A;,.)}
Sz on
where E is the frequency of groups having exactly S members of type b.

Type A& and Type b are going to refer to colonising composites, i.e. a female

plus the stored sperm that she carries %@a . It is assumed that a sex-
ratio gene can be in either part of the composite and carried in any
part of the genome. The tJ; will be made up as inclusive fitnessesand this means
that the A},; can be treated as zero. This step may seem dubious at this stage

. et

' but some Justification for it will be explained later.

‘ “I think you should be more explicit here in step two.” S i
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’ Thus the prepared form of the Price equation is

wA% — ,Q(w,,;,)\/@;) + ZER,(‘*’squz)V(%:}

Son
We are assuming that individuals (colonising composites) come together in groups

of R; they give rise to equal broods; these mate together; then the products —

new colonising composites ? -- take off for the new dispersal phase.
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Thus if bk is the relatedness of a son with respect to a genetic element in

’ : & sewse of
the composite, and b‘. is the relatedness of a daughter, using[inclusive fitness

we have:

fitv\eSS' oC b:x .@c/kcf:u( number of mseminalions l?y Song
+ b’v x zxchzA number of Aavmt"&

We now assume that the genetic element actually affects the sex ratio. We

‘hopefully disregard complexities of those cases of control where the genetic

' element can be paired with a homologue and assume that there are just two sex-
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ratio types G and b producingﬂ ;ex r'atios ¥ and .
Since the number of females among progeny in an s-type group (group w'\Un}s*‘

members type b ) is J~X; where X,= Pt ﬁ'xb , and since in the male progeny sons

of a particular parent composite form a fraction XB/XS of the total, the expected )

number of inseminations by sons is of ( Pnror{(oua( fo)

-;::b (1= %)

Expected daughters are ©C Rl %

- Thus we define the fitness of an individual bype b settler to be

of s
"‘)g:(B) = %":' (l“xs)b“ -+ (l —-ch) !):s

Similarly
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. By the difference of these the regression in an S-type group is

Rliwra) = = (e x5 b= (6.4 1)

The total number of inseminations by sons in a group is obviously the same as

the total number of daughters in the 'group. Hence

oy = (=3B, + ()b = (=5)(b,+b)

(see dottsd underlined exprassion helas)
Substituting for >(, Emd considering the gradient of the linear function so

obtained with respect to 7, we find R(""s'h) = C?(a—xg(b;ol- la\:)
Noting that \/(‘/;ﬁ) = Ps}, we can now substitute in the prepared Price eﬁuation

and obtain

> 1
LJ% = (’Xu’(,,)[@ \/G/,) - Z's{xs bu - 6}’3},]
@ e p=yen. T -
With this we are ready to find the ess sex ratio—this béing that which if

ascribed to one of the types renders the other type, producing any differing sex

ratio, certain to have a selective disadvantage.

Let o-%,= 8 (with §#0) Thew of,= %, - §

and X 7 L+ %"b = X, -;s (fa"‘s) _— —.z&
It can also easily be shown that '
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and this will also yield a helpful substitution. (Note: how one guesses in ad-
wvance that this will be helpful is a somewhat obscure point. Really, the usefulness

of setting up such an expression only becomes apparent in retrospect after follow-

ing through a longer process of algebraic manipulation, as in my first derivation

‘ of the results below). Making these substitutions in the last equation for the gain




‘ of type b: )
 wmy — §[8VG) - R3% « bl - BTay

= S[BV(;,)— gi}é;e}{g% _ b Sg‘-, My,

Here we note that Z@ IO’;s is the "within group variance".

So, since pi is the total variance and W}s) the between group variance,

= ZEB'%: lp;, \/(}f) Hence , 1
oy = S[BV@*Z%BEE%—V@%— ; %ZP‘%?

We note that S and every other item in the last term is positive; thus the last
‘ " “term as a whole is negative. ~The involvement of § in the first term, however,
indicates that this term can be positive or negative. - Rut it is possible to
select 3¢ such that [ ] in the above equation is zero; then the second term deter-
mines that MA; is certainly negative. Hence"with such aﬁ 3, it is seen that any
‘differing 755 results in counterselection of type b. Hence such an % must be the

ess.

b
I = o s [T=0 e Bpg = Zafmr -V
This gives x¥ = be. . (’;—V(é,)
Py
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where IST_ P} . s+ can be considered an index of panmixia. Symbol and

definition are from S. Wright ~— see volume 2 of his treatise. Note ﬂaf use ’Jc P

. hgve i§ ;uil‘z d.{ff&fe—sf' {V‘ow\ s use in e -fo-’ fu;u\zkc)l of b{/ws of l)lfou/))_
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Now the various cases of genomic control of sex ratio can be considered, pro-
viding various pairs of formulas for the B’ coeffic;lents. With a further decision
as to the settling behavior so as to fix V(%) in relation to p;, ess sex ratios
can be evaluated. The obvious standard case for settling is that it occurs at
random. Then V(;S) = f?/‘v\ and P—r = (n=)/m

The above argument has had two somewhat heuristic steps —- firstly that where we

ignored E,- G"xd},? and secondly that where we ignored potential spgcial sex ratios

. produced in heterozygotes and assumed just two sex-ratio types.

The first can be justified by pointing out ttfat AZ« is really only concerned with
heterozygotes like AAAI, and )QX,, and provided that in these neither element is
driving then we do not need to worry ab;)ut other "heterozygotes" like XY{ "XB‘Y’ ofe |
where drive against the other chromosome may be occurring. This is because as
inclusive fitnesses the &J; are being designed to set out the just set of equipoten-

wndd

elements. Each replica has the capability to

_tial replicas of K or xb or.ogher

produce a éomposite the same as the parent, so the set measured by & is equiva-

lent to a set of parthenogenetic offspring; so, as for such offspring,A;h.’: 0. .
The second weak point is obviously no problem at all in cases where effects

are caused by ti'le Ychromosome, whether the Y occurs in males or females. This

is because heterozygotes like Yaﬁ can't occur. As it turns out it seems not to

be a problem either for the other potentially more complex cases of sex-ratio

control. This fact is knowﬁ to me from checks by computer simulation. At present

I cannot give a complete rationalisation, but if we take the case where the sex

ratio of the het is always bet;ween the homs and try to reason about the direction of

selection rather than about quantitative gain of alleles, the success of the method

in locating the ess does not seem very surprising.




. Coefficients of relatedness of offspring to parents,
b:_ and b; (see Hamilton, 1972)

4
In the case of autosomes we only need note that by symmetry of inheritance b“
s ’ .
and b‘, must be equal. Thus the ess sex ratio for autosomal control is simply ie‘.

or 64")/ M . We may call this the standard sex ratio of the model and notate
™)
it 76( .
In the case of Y-linked control we have,for control in heterogametic males,
- ’ o
b,;—' | and b1,.= O and for control by Y in heterogametic females .'5::0 and b‘,-‘: (.
* ™ A
These give X'= 22¢ "and X = O respectively.

For an active element on the X we need the following table:

Offspring .
: XY XX Difference Sum Diff./Sum
Active . o 1
XY F 14F 1 142F TH9F
parent . )
‘ o x| 1/2 2—%%% F 1+2F F
14+F 1+F 1+2F

F is the coefficient of inbreeding. If we assume random settling (as above
iﬁ Setting E‘r = (n=1)/m )it- is quite easy to show by methods explained original-
1y by S. Wright (and later in various textbooks) that for this type of an "Islant-l"
model F = {/lem-3) . This leads to | |

Gr2e) = Chm-3fin-1) and Ff+2F) = 1/Cen-0)

These expressions for G):;‘\:)/ (b:"‘ b\,r) are being prepared for evaluation of
the ess. But before we can decide which coefficient in a row of the above table
is to be b: and which is to be b:. we again have to decide which sex is heterogametic.
It is easily seen ‘that this decision determines whether "diff./sum" is to be added
or subtracted from unity to provide the relatedness factor for —_{'E-,-. Thus finally

. we can draw up the following table of ess sex ratios for the model, all being con-

veniently treated as modifications to the standard sex ratio:
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' Active agent Male heterogamety Femalé heterogamety
Autosomes, either sex x(h) : ) x(n)
Y .Zx(n) ‘ 0
X in XY Qa - Z;‘: yx™ a+ lm 3 3 )x (n)
X in XX Q- 4n} = (1 =™
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